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C2\pi $\mathrm{R}$ 2\pi \acute ‘
. f\in C21
11fll\infty =n x{l$f(t)|$ : $|t|\leq\pi$}
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. , ([1, Proposition 134] ){?}




$n\in \mathrm{N}_{0}$ , $\mathfrak{T}_{n}$ $n$ , $f\in C_{2\pi}$ $\mathfrak{T}_{n}$
$E_{n}$ ($C_{2\pi};$ f)=in$\mathrm{f}\{||f-g||_{\infty} : g\in \mathfrak{T}_{\iota},\}$
, $\mathfrak{T}_{n}$ f $n$ . \mbox{\boldmath $\tau$}1
$2n+1$ , $f\in C_{2\pi}$ $g_{n}$ .
,
$E_{n}(C_{2\pi};f)=||f-g_{n}||_{\infty}$
gn\in \mbox{\boldmath $\tau$}n ( , [11, 61.8] ). Weier-
straes
$\lim_{1\iotaarrow\infty}E_{n}(C_{2\pi};f)=0$ $(\forall f\in C_{2\pi})$
. .
$f\in C_{2\pi},$ $\delta\geq 0$ [ ,
$\omega(C_{2\pi};f, \delta)=\sup\{||f(\cdot-t)-f(\cdot)||_{\infty} : |t|\leq\delta\}$ ,
$\omega^{*}(C_{2\pi};f, \delta)=\sup\{||f(\cdot+t)+f(\cdot-t)-2f(\cdot)||_{\infty} : 0\leq t\leq\delta\}$
f , f ([1, Definitions L51and L53],
cf. [19] $)$ . ,
$\omega^{*}(C_{2\pi};f, \delta)\leq$ $(C_{2\pi}; f, \delta)$ $(\forall f\in C_{2\pi}, \delta\geq 0)$
$\lim_{\deltaarrow+0}\omega(C_{2\pi};f,\delta)=0$ , , s\rightarrow +olin $\omega^{*}(C_{2\pi};f,\delta)=0$ $(\forall f\in C_{2\pi})$
. , (1) :
$||B_{n}(f)-f||_{\infty} \leq(2\pi+1)E_{n}(C_{2\pi};f)+\frac{1}{2}\omega^{*}(C_{2\pi};f,$ $\frac{\pi}{2n+1})$ $(\forall f\in C_{2\pi}, n\in \mathrm{N}_{0})$
$([1, \mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}2.4.8])$ , ,
$||B_{n}(\downarrow f)-f||_{\infty}\leq(2\pi+1)R(C_{2\pi};f)+\omega(C_{2\pi};f,$ $\frac{\pi}{2n+1})$ $(\forall f.\in C_{2\pi}, n\in \mathrm{N}_{0})$
([6, Chap. 10, Sec. 4, $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}]$ ).








, . ? C2t $L_{2\pi}^{\mathrm{p}}(1 \leq p<\infty)$
. ,
. , [12] .
2.
$X$ , $B[X]$ X
/ $||\cdot \mathrm{I}1B[X|$ . $\mathfrak{P}=\{P\mathrm{j} : j\in \mathrm{Z}\}$ $B[X]$ \dagger
(P-1)PjPk=\mbox{\boldmath $\delta$}j Pj , $k\in \mathrm{Z}$). , \mbox{\boldmath $\delta$}j Kronecker
.
(P-2) $\bigcup_{\mathrm{j}}{}_{\in \mathrm{Z}}P_{j}(X)$ X .
(P-3) $j\in \mathrm{Z}$ , $P_{\mathrm{j}}(f)=0$ $f=0$ .




. $T\in B[X]$ X






(cf. [2, 7, 8, 17]). $M[X]$ X
. $B[X]$ I . $\mathfrak{T}=\{T_{t} : t\in \mathrm{R}\}$
$M[X]$
$A= \sup\{||T_{t}||_{B[X]} : t\in \mathrm{R}\}<\infty$,
$T_{t}$
$\sum\infty e^{-jjt}P_{\mathrm{j}}$






$G(f)$ $\sum\infty(-ij)P_{j}(f)$ $(\forall f\in D(G))$
$j=-\infty$
([7, Proposition 2]).
$r\in \mathrm{N}_{0},$ $t\in \mathrm{R}$ ,
$\Delta_{t}^{\mathrm{O}}=I$ , $\Delta_{t}^{r}=(T_{t}-I)^{r}=\sum_{k=0}^{r}(-1)^{r-k}(\begin{array}{l}rk\end{array})T_{kt}$ $(r\geq 1)$
. , \Delta [ $M[X]$ [ ,
$||\Delta_{t}^{r}||_{B[X]}\leq A_{r}(\forall t\in \mathrm{R},r\in \mathrm{N}_{0})$,
,
$A_{r}$ =min$\{(A+1)^{r},2^{r}A\}$ ,
$\Delta_{t}^{r}$ $(e^{-\cdot \mathrm{j}t}.-1)^{r}P_{\mathrm{j}}$ $(\forall t\in \mathrm{R}, r\in \mathrm{N}_{\mathrm{O}})$
$\mathrm{j}=-\infty$
. $r\in \mathrm{N}_{0},$ $f\in X,$ $\delta\geq 0$ ,
$\omega_{r}(X;f,\delta)=\sup\{||\Delta_{t}^{r}(f)||\mathrm{x} : |t|\leq\delta\}$
, $\mathfrak{T}$ f r . 1
$\omega_{r+\iota}(X;f,\delta)\leq A_{r}\omega\sim(X;f,\delta)$ $(\forall r\in \mathrm{N},s\in \mathrm{N}_{0},\delta\geq 0,f\in X)$,
$\deltaarrow+01\dot{\mathrm{m}}\omega_{r}(X;f,\delta)=0$
$(\forall f\in X, r\in \mathrm{N}_{0})$
([9, 1(c)]).
$r\in \mathrm{N},$ $\alpha>0$ . X f $\alpha$ $K>0$ r Lipchitz
, L $(X; \alpha, K)$ ,




\mbox{\boldmath $\alpha$} r $.\mathrm{t}\mathrm{z}$ .
$f\in X,$ $\delta\geq 0$ ,
$\omega(X;f,\delta)=\omega_{1}(X;f,\delta)=\sup\{||T_{t}(f)-f||\mathrm{x} : |t|\leq\delta\}$
$\omega^{*}(X;f,\delta)=\sup\{||T_{t}(f)+T_{-t}(f)-2f||\mathrm{x} : 0\leq t\leq\delta\}$
(cf. [7, Dffinitions3and 4]). ,
$\frac{1}{A}\omega_{2}(X;f,\delta)\leq\omega^{*}(X;f,\delta)\leq A\omega_{2}(X;f,\delta)$ $(\forall f\in X,\delta\geq 0)$ (4)
. , , $A\leq 1$ ( , $A=1$)
$\omega_{2}(X;f,\delta)=\omega^{*}(X;f,\delta)$ $(\forall f\in X,\delta\geq 0)$
.
$\alpha>0$ . Lip*(X;\mbox{\boldmath $\alpha$}) $K>0$
$\omega^{*}(X;f,\delta)\leq K\delta^{\alpha}$ $(\forall\delta\geq 0)$
f\in X . (4) ,
L \acute (X; $\alpha$) $=Lip^{*}(X;\alpha)$ $(\forall\alpha>0)$.
n\in No , Mn $\{P\mathrm{j}(X) : \mathrm{D}1 \leq n\}$
. X . $f\in X$ ,
$E_{n}(X;f)= \inf\{||f-g||x : g\in M_{n}\}$
, M= f $n$ .
, [11] . ,
$R(X;f)\geq E_{1}(X;f)\geq\cdots\geq R(X;f)\geq\cdots\geq 0$ $(\forall f\in X)$
, (P-2)
n\rightarrow \infty lin $(X^{\vee}, f)=0$ $(\forall.f\in X)$
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3. Rogosinski
$\chi\in L_{2\pi}^{1},$ $W\in M[X]$
$W$ $\sim$ $\sum\infty\lambda_{j}P_{j}$
$\mathrm{j}=-\infty$
. , $f\in X$
$( \chi*W)(f)=\frac{1}{2\pi}\int_{-\pi}^{\pi}\chi(t)T_{t}(W(f))$
BO&ner . $\chi*W$ $\chi$
W (cf. [7, 9]). \chi *W $B[X]$ ,
$||\chi*W||_{B[X]}\leq A||\chi||_{1}||W||_{B[X]}$ (5)




([10, Lemma 1], cf. [9, hmmn 2]).




$\chi(\cdot-t)*W$ $\sum\infty e^{-\dot{l}jt}\hat{\chi}(j)\lambda_{j}P_{j}$ $(\forall t\in \mathrm{R})$ . (8)
$j=-\infty$




, (P-3) , (7) .
, n\in N , $n$ Rogoeinski $h$
Rn(f)=(b $*I$) $(f)= \frac{1}{2\pi}r_{-\pi}$ b (t)Tt(f) $dt$ $(\forall f\in X)$
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. n\in N , S.* Fourier (2) $n$
$S_{n}= \sum_{\mathrm{j}=-n}^{n}P_{\mathrm{j}}$
$(\forall n\in \mathrm{N}_{0})$.
2 n\in No ,
$R_{n}= \frac{1}{2}(T/(\mathit{2}n+1)+\pi T-\pi/(\mathit{2}n+1))S_{n}=\sum_{k=-n}^{n}\alpha\ovalbox{\tt\small REJECT}(\frac{k\pi}{2n+1})P_{j}$ (9)
$\mathrm{B}\mathrm{i}ffi\text{ }$ .
(6) ,
$S_{n}=D_{1\iota}*I$ $(\forall n\in \mathrm{N}_{0})$ .
, 1
$R_{n}= \frac{1}{2}\{D_{n}$ (. $\frac{\pi}{2n+1})*I+D_{n}(\cdot-\frac{\pi}{2n+1})*I\}$
$= \frac{1}{2}\{T_{-\pi/(2n+1)(D_{n}*I)+T_{\pi/(2n+1)}(D_{n}*I)\}}$
$= \frac{1}{2}$ (T-,/(h+1)+7\pi h+1))S\sim .
,
$b_{n}(t)= \sum n\mathrm{m}(\frac{k\pi}{2n+1})e^{k<}.\cdot$ $(\forall n\in \mathrm{N}_{\mathrm{O}}, t\in \mathrm{R})$
$k=-n$
, (6) (9) 2 .
3 $k\in \mathrm{Z}$ ,
$\lim_{\mathfrak{n}arrow\infty}n^{2}(\mathrm{c}\mathrm{o}\mathrm{e}(\frac{k\pi}{2n+1})-1)=-\frac{1}{8}(k\pi)^{2}$ (10)
.








$(_{21}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT},)arrow 4$ , $\mathbb{N}(k)|\ovalbox{\tt\small REJECT}$ $\ovalbox{\tt\small REJECT}$ $arrow 0$ $(narrow \mathrm{o}\mathrm{o})$ .
$(2n+1)^{4}$ . $(2j)\ovalbox{\tt\small REJECT}$
$\ovalbox{\tt\small REJECT}^{\ovalbox{\tt\small REJECT}}2$
, (10) .
4 n\in N0 ,
$||b_{n}||_{1}< \pi(1+\frac{1}{4}\log 3+\frac{2\sqrt{3}}{27})<2\pi$
.
[6, C p. $10,$ & $\mathrm{t}\ovalbox{\tt\small REJECT}$] .
1 $f\in X$,n\in N ,
$||R_{n}(f)-f|| \mathrm{x}\leq A(1+B)E_{n}(X;f)+\frac{1}{2}\omega^{*}(X;f,$ $\frac{\pi}{2n+1})$ (11)
. ,
$B= \pi(1+\frac{1}{4}\log 3+\frac{2\sqrt{3}}{27})$ .
,
$||R_{n}(f)-f||x\leq A(1+B)E_{n}(X;f)+\omega(X;f,$ $\frac{\pi}{2n+1})$ .












$\leq A(||b_{n}||_{1}+1)||f-g||_{X}+\frac{1}{2}\omega^{*}(X;f,$ $\frac{\pi}{2n+1})$ .
, 4 , (11) .
1\Re ={ : $n\in \mathrm{N}_{0}$} X
$narrow\infty 1\dot{\mathrm{m}}||R_{n}(f)-f||_{X}=0$ $(\forall f\in X)$ .
5 $f\in X,n\in \mathrm{N}$ ,
$E_{n}(X;f)\leq K\omega^{*}(X;f,$ $\frac{1}{n})$
. , K $f$ $n$ .
$[9, \mathrm{T}\mathrm{h}\infty \mathrm{o}\mathrm{e}\mathrm{m}2]$ , $r=2$ , (4) .
F[ $\Re=\{R_{n} : n\in \mathrm{N}_{0}\}$
$F[ \Re]=.\bigcap_{\Leftarrow 0}^{\infty}\{f\in X : R_{n}(f)=f\}$
, f\in X Mn f .
6 $0<\alpha<2$ . ,
$L\dot{l}p^{\wedge}(X;\alpha)=\{f\in X:R(X;f)=O(n^{-a}) (narrow\infty)\}$ .
(4) [10, $\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\pi \mathrm{y}$ $9(\mathrm{b})$] .
2 $f\in X$ . ,
(a) $0<\alpha<2$ .
$f\in h.\dot{p}(X;\alpha)$ $\Leftrightarrow$ $||R_{n}(f)-f1|_{X}=O(n^{-a})(narrow\infty)$ .
(b)
$f\epsilon Lip^{*}(X;2)$ $\Rightarrow$ $||R_{n}\mathrm{t}f)-f1|\mathrm{x}=O(n^{-2})(\hslasharrow\infty)$ .
(c)
$f\in M_{0}\Leftrightarrow f\in F[\Re]\Leftrightarrow||.R_{\hslash}(f)-f||\mathrm{x}=o(n^{-2})$ $(narrow\infty)$ .
(a): $f\in L-p^{*}(X,\alpha)$ , 1 5
$\mathrm{I}1h(f)-f||x=o(R(X;f)+\omega.(X;\frac{\pi}{2n+1}))$ $(narrow\infty)$
$=o( \omega.(\frac{\pi-}{2n+1}))=O(n^{-\alpha})$ $(narrow\infty)$ .
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$\ovalbox{\tt\small REJECT}^{\backslash }[\subset,$ $||R_{n}(f)-f||_{X}=O(n^{-\alpha})(narrow\infty)\prime x\mathrm{b}\dagger \mathrm{J}^{\cdot},$ $E 2 $\mathrm{I}’.\mathrm{X}’\supset \mathrm{C}\vee$
$E_{n}(X;f)\leq||R_{n}(f)-f||_{X}=O(n^{-a})$ $(narrow\infty)$ .
, 6 f $Lip^{*}(X;\alpha)$ .
(b):(a) , $\alpha>0$
.
(c): $f\in M_{0}$ , $f=P\mathrm{o}(f)$ , 2 (P-1)
$R_{n}(f)= \sum_{k=-\cdot*}^{n}\prec\frac{k\pi}{2n+1})P_{k}(P_{0}(f))=P_{0}(f)=f$ $(\forall n\in \mathrm{N}_{0})$ .
, 2 (P-1) , $j\in \mathrm{Z},$ $f\in X$ ,
$\ovalbox{\tt\small REJECT}(R_{n}(f))=\{$
\prec h)Pj(f) $(|j|\leq n)$
0( | $>n$)
. , $\forall j\in \mathrm{z},$ $f\in F[\Re]$ . ,
$\ovalbox{\tt\small REJECT}(f)=P_{\mathrm{j}}(P_{0}(f))$ . $(j=0)$.
0 | $\leq n$ ,
$( \cos(\frac{J^{\pi}}{2n+1})-1)P_{\mathrm{j}}(f)=P_{j}(R_{n}(.f))-P_{\mathrm{j}}(f)=0$
$P_{\mathrm{j}}(f)=0$. ,
$P_{j}.(f)=0=\delta j,\mathrm{o}P\mathrm{o}(f)=P\mathrm{j}(P\mathrm{o}(f))$ $(0<|j|\leq n).$.
,
$P_{j}(P_{0}(f))=0=P_{\mathrm{j}}$ (R (f)) $=P_{j}(f)$ $(\downarrow j|>n)$ .
[ , $(\mathrm{P}$-3$)$ 1 $f=P_{0}(f)\in M_{0}$ . , $||R_{\hslash}(f)-f||\mathrm{x}=\mathit{0}\langle n^{-2})(n^{\backslash }-..arrow.\infty)$
. , 2, 3 [8, PrOpoeitiOn 1 (i)] (cf. [2, $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{m}$
$6\cdot 1(\mathrm{b})])$ $n\in \mathbb{N}0$ Rn$(f)=f$ .
1 $\{f\mathrm{j} : j\in \mathrm{Z}\}$ $\{f_{j}^{*} : j\in \mathbb{Z}\}$ $X$ X*(X )
, $S=$ {$fj$ ,f;}iez (cf. [5, 16]):
(F-1) $f_{\mathrm{j}}^{*}(f_{k})=\delta_{j,k}$ $(\forall j, k\in \mathrm{Z})$ . ..
(F-2) $\{g\mathrm{j} : j\in \mathrm{Z}\}$ X .
(F-3) $j\in \mathrm{Z}$ , $f\mathrm{j}(f)=0$ $f=0$ .}
,
$\ovalbox{\tt\small REJECT}(f)$ $=f_{\mathrm{j}}^{*}(f)f_{j}$ $(\forall\dot{j}\in \mathrm{Z},f\in X)$
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, $\mathfrak{P}\ovalbox{\tt\small REJECT}\{\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} jarrow \mathrm{Z}\}$ (P-1), (P-2) (P-3) . ,
(2), (3)
$f$ $\sim$
$\sum\infty f_{\mathrm{j}}^{*}(f)f_{j}$ $(\forall f\in X)$ ,
$\mathrm{j}=-\infty$
$T_{t}(f)$ $\sum_{\mathrm{j}=-\infty}^{\infty}e^{-j\iota}.\cdot f\mathrm{j}(f)f_{j}$ $(\forall f\in X,t\in \mathrm{R})$
. , 2 3 .
3. ’ $+\cdot//\backslash$
, X . , X
(cf. [4, 7, 15, 18]):
(H-1)X L\mbox{\boldmath $\xi$} $||\cdot||x$ .
(H-2) $K>0$ , $||f||1\leq K||f||\mathrm{x}(\forall f\in X)$ .
(H-3) $t\in \mathrm{R}$ , Tl $T_{l}(f)(\cdot)=f(\cdot-t)(\forall f\in X)$
, \eta $B[X]$
(H4) f\in X , $t\mapsto T_{l}(f)$ $\mathrm{R}$ .
Q\pi $L_{2\pi}^{\mathrm{p}}(1\leq p<\infty)$ .
[7] (cfi 1415, 18]) .
,
$f_{\mathrm{j}}(t)=e^{-\mathrm{j}t}$ , $f_{\mathrm{j}}^{*}(f)=f^{\wedge}(j)$ ($\forall j\in \mathrm{z}$, t\in R $f\in X$)




$(\forall j\in \mathrm{Z},f\in X)$
( 1 ). \eta (3) $A=1$ . ,
$\omega_{2}(X;f,\delta)=\omega^{*}(X;f,\delta)$ $(\forall f\in X,\delta\geq 0)$ ,
Mn=\mbox{\boldmath $\tau$} $(\forall n\in \mathrm{N}_{\mathrm{O}})$
.
, . ,
1, 1, 2 [1, Proposition 134] ($\mathrm{c}t[6$, Chap. 10, Sec. 4,
Cbrollary]), $[1, \mathrm{T}\mathrm{h}\infty \mathrm{m}2.4.8]$ (cf. [6, CImp. 10, Sec. 4, $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{m}]$ ), [$1$ , Theorem
249] .
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